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Abstract-Let E be a real q-uniformly smooth Banech space which is also uniformly convex (for 
example, L, or 1, spaces: 1 < p < 00) and K be a nonempty closed convex and bounded subset 
of E with 4 # int (K). Let T : K -+ K be a Lipschitzian pseudocontractive mapping such that 
for z E int(K), 1I.z - Trll < 112 - Tzll, f or all I E a(K). Then for zo E K arbitrary, the iteration 
process {z,,} defined by zn+l := (l-/~,,+l)z+~~+l~,,; vn := (1 - cu,)z, +cr,Tz, converges strongly 
to a fixed point of T, provided that {p,,} and {an} satisfy certain conditions. Moreover, if T is strictly 
pseudocontractive with a nonempty fixed-point set, then it is proved that the Mann type iteration 
scheme converges strongly to a fixed point of T. @ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords-Accretive operators, q-uniformly smooth spaces, Duality maps, Uniformly continuous 
multivalued maps. 
1. INTRODUCTION 
Let E be a real normed linear space with dual E*. For 1 < q < co, we denote by Jq, the 
generalized duality mapping from E to 2E’ defined by 
Jq (x) := {x’ E E* : t&5*) = ll~llq 9 lb*11 = ll~llQ-‘} I 
where (., .) denotes the duality pairing. In particular, J = Jz is called the normalized duality 
map. It is well known (see, for example, [l]) that Jq is single valued if E is smooth and that 
Jq (~1 = ll~llq-2 J(z), 2 # 0. (1.1) 
In the sequel, we shall denote the single-valued generalized map by j,. A mapping T with 
domain D(T) and range R(T) in E is called pseudocontractive if, for all z,y E D(T), there exists 
j(z - y) E J(x - y) such that 
0 - TY,& - Y>) 5 112 - yl12 s (1.2) 
T is called Lipschitz if there exists L 2 0 such that IITs - Tyll 5 Lllz - y/l, for all CC, y E D(T) 
and it is called strictly pseudowntractive as in the terminology of Browder and Petryshyn [2], if 
for all z, y E D(T), there exist X > 0 and j(z - y) E J(z - y) such that 
(TX - Ty,j(a: - Y)) I lb - ~ll~-~ll~-~-(T~-T~)ll~~ (1.3) 
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Equivalently, (1.3) can be written in the form 
(z - y - (Ta: - Ty),j(z - y)) 2 A IIZ - Y - m - TY)l12. (1.4) 
Without loss of generality, we may assume that X E (0,1/2). Observe that the class of strictly 
pseudocontractive maps contains, as a subclass, the important class of nonexpansive maps. More- 
over, from (1.4), a strictly pseudocontractive map T is Lipschitzian pseudocontractive with Lip- 
schitz constant L = (1 + X)/X. If E = H, a Hilbert space, (1.3), and hence, (1.4) is equivalent to 
the inequality 
IP - Tyl12 I 113 - yH2 + k ll(I - Tb - (I- T)yl12, k = (1 -2A) < 1. (1.5) 
Interest in pseudocontractive maps stems mainly from their firm connection with the important 
class of nonlinear accretiwe operators where a mapping A with domain D(A) and range in E is 
called accretive if there exists j(s - y) E J(a: - y) such that 
(AZ - Ay,j(z - Y>) 2 0, for every 2, y E D(A). 
Observe that A is accretive if and only if I - A is pseudocontractive, and thus, a zero of A is a 
fixed point of T := I-A. Interest in accretive mappings stems mainly from their firm connection 
with equations of evolution. It is known (see, e.g., [3]) that many physically significant problems 
can be modelled by initial-value problems of the form 
z’(t) + As(t) = 0, s(O) = 20, (1.6) 
where A is an accretive operator in an appropriate Banach space. Typical examples where such 
evolution equations occur can be found in the heat, wave, or Schrijdinger equations. One of 
the fundamental results in the theory of accretive operators, due to Browder [4], states that 
if A is locally Lipschitzian and accretive, then A is m-accretive which implies that the equation 
z + As = f has a solution z* E D(A) for any f E E. This result was subsequently generalized by 
Martin [5] to the continuous accretive operators. If in (1.6), z(t) is independent of t, then (1.6) 
reduces to 
Au=O, (1.7) 
whose solutions correspond to the equilibrium points of the system (1.6). Consequently, consid- 
erable research efforts have been devoted, especially within the past 20 years or so, to methods 
of finding approximate solutions (when they exist) of equation (1.7). The two well-known Mann 
iteration schemes (see, e.g., [6]) and the Ishikawa iteration scheme (see, e.g., [7]) have been suc- 
cessfully employed (see, e.g., [&17]). H owever, the success has not carried over to arbitrary 
Lipschitzian pseudocontraction T beyond Hilbert spaces (see, for example, [7,18,19]). In fact, 
Mutangadura and Chidume [20] have given an example of Lipschitzian pseudocontractive self- 
map in which Mann scheme does not converge in a convex compact subset of a Hilbert space. In 
[21], Schu introduced an iteration scheme and proved the following. 
THEOREM JS. (See [21].) Let E be a Hilbert space, K a nonempty closed bounded and convex 
subset of E, w E K, T : K + K pseudocontractive and Lipschitzian with L 2 0, {Xn}nC~ c 
(0,l) with lim,,, A, = 1, {LY~}~,=N c (0,l) with lim n-m an = 0, such that ({a,}, {CL,}) 
has certain properties, ((1 - pn)( 1 - A,)-') is bounded and limn_,oo a;‘( 1 - pn) = 0, where 
k, := (1 + c&l + L)2)‘/2 and pCln := X,k;l for all n E N. For arbitrary vector zo E K, define, 
for all n E N, 
&+1 = (1 - CLnflb + Iln+lYn9 
y,, = (1 - a&n + (~,Tz,t. 
Then {z,} converges strongly to the unique fixed point of T closest to w. 
(1.8) 
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Recently, Chidume [22] extended the above convergence theorem to real q-uniformly smooth 
spaces possessing weakly sequentially continuous duality maps (e.g., &, spaces). It is known 
that L,, 1 < p < co, p # 2 does not possess weakly sequentially continuous duality maps. 
Consequently, it is of interest to study the above scheme in L, spaces 1 < p < co, p # 2. In 1231, 
Rhoades also proved the following theorem of convergence for strictly pseudocontractive maps. 
THEOREM RH. (See [23].) Let H be a real HiJbert space and Jet K be a nonempty convex 
compact subset of H. Let T : K + K be a strictly pseudocontractive map and Jet {an} be a 
real sequence satisfying the following conditions. 
(i) cro=l. 
(ii) 0 < a, < 1, 12 2 1. 
(iii) CrZ1 a, = 00. 
(iv) lim SUP~_~ (Y, = Q < 1 - k. 
Then the sequence of the Mann iteration method generated from an arbitrary xc E K by 
x,+1 = (l- Q~)z,, + anTsn, n 2 0 converges strongly to fixed point of T. 
More recently, Osilike and Udomene [24] also proved the following. 
THEOREM OU. (See [24j.) Let E be a real q-uniformly smooth and uniformly convex Banach 
space. Let K be a nonempty closed convex subset of E and let T : K t K be a strictly pseu- 
docontractive map with a nonempty fixed-point set F(T). Let {on} and {/?,} be real sequences 
satisfying the following conditions. 
(i) 0 5 o,, Pn L 1, n 2 1. 
(ii) 0 < a < (rz--l < b < (qXq-‘/C,)(l - ,#,), f or all n 2 1 and for some constants a, b f (0,l). 
(iii) Cz?_, Pz < co, where r = min{l,q - 1). 
Let (2,) be the sequence generated from an arbitrary ~1 E K by 
z/n := (I- A&, + PnTxp,, n> 1, 
Z,+I := (I- 4~ + ~,TY,, 722 1. 
(1.9) 
Then {zn} converges weakly to a fixed point of T. 
It is shown that Theorem OU is an extension of Theorem Rh, to the more general Banach 
spaces. 
It is our purpose in this paper to prove significant important extensions of Theorem 3.2 of [22], 
and hence, Theorem JS to a Banach space which includes L, spaces 1 < p < co. 
Furthermore, we generalize Theorem OU in two main directions. First, the requirement that E 
be uniformly convex is dispensed with. Then we prove that Mann type iteration sequence con- 
verges strongly to a hxed point of T. 
2. PRELIMINARIES 
Let E be a real Banach space with dimension 2 2. The modulus of smoothness of E is the 
fUnCtiOn pE : [o, 00) -+ [0, co) defined by PE(r) := sup{(1/2)(](2 + y]] + ]]x - y]]) - 1 : (1x(\ = 1, 
]]y]] = T}. If PE(7) > 0 for all T > 0, then E is said to be smooth. If there exists a constant 
c > 0 and a real number 1 < q < 00, such that pi 5 crq, then E is said to be q-uniformly 
smooth. E is called ~$ormJy smooth if limr+s(PE(r)/r) = 0. Observe that every q-uniformly 
smooth space is uniformly smooth. If E is a real q-uniformly smooth Banach space, then by [l], 
the following geometric inequality holds: 
lb + Yllq I 11419 + 4 (Y7iA~)) + cq IIYIIP I (2.1) 
for all 2, y E E and some real constant cg > 0. It is well known (see, for example, [l]) that 
LP(ZP) or IV: is 
p-uniformly smooth, if 1 < p < 2, 
2-uniformly smooth, if p 2 2. 
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The Banach space E is said to be uniformly convex if, given E > 0, there exists 6 > 0, such that, 
for all z, y E E with /jz(( < 1, llyll < 1, and I/z - y[I 2 E, //(l/2)(2 + y)jj 5 1 - 6. It is well known 
that L,, & and Sobolev spaces IV&, (1 < p < oo), are uniformly convex. In the sequel, we shall 
need the following results. 
THEOREM R. (See 1251.) Let K be a closed convex subset of a uniformly smooth Banach space E 
and let T : K --) K be a nonexpansive mapping with a fixed point. Let x,x0 E K be arbitrary. 
Define for each 0 < k < 1, a point xk E K by xk = kTxr, + (1 - k)x. Then the strong limit 
limk_,- Xk exists and is a fixed point of T. 
THEOREM MM. (See [26].) Let E and E” be uniformly convex Banach space. Let D be a 
bounded open subset of E and let T : D -+ E be a continuous mapping which is locally pseu- 
docontractive on D. Suppose that there exists z E D such that 112 - Tzll < llx - TX/~, for all 
x E dD. Then there exists a unique path t + zt E D, t E [0, 1) satisfying zt = tTzt + (1 - t)z, 
where the strong lim,_,l- .zt exists and this limit is a fixed point of T. 
We state the following definition which is partly due to Halpern [27]. 
DEFINITION 2.1. Let a, E (0, oo), pn E (0,l) f or all nonnegative integers 72. Then ({an}, {pll}) 
is said to have the property (A) if and only if the following conditions hold. 
(i) {an} is decreasing and {CL,} is strictly increasing. 
(ii) There is a sequence {&}cN, strictly increasing such that 
(b) 
lim % - a(n+8(4) = 0 
n-00 l--/42 * 
Finally, we state the following. 
LEMMA JS. (See 1211.) Let K be a nonempty convex and bounded subset of a normed linear 
space E with 0 E K. Let there be the following. 
(i) S, : K -+ K be such that [l&x - S,yII 5 k,lls - yll, f or all x, y E K and ail n E N where 
k, E [l,~). 
(ii) )cn E (O,l), (Y, E (0,~) besuch that ({CL,}, {pn}) hasproperty(A)and (1-~~)(l-&)-’ 
is bounded, where p,, = X,k;‘, for all n E N. 
(iii) {xn}cK be such that xn = pLnSnz, for ail n E N and there exists a constant A4 > 0 such 
that IlSix - Sjxc(l 5 Mlai - crjJ, for all i,j E N and for all 2 E K. 
Assume that limn_+ooxn = x* exists. Define the sequence {zn} by zn+l = p,,+lS,z,, for all 
n E N, where zo is arbitrary. Then limnhoo zn = x*. 
3. MAIN RESULTS 
For the rest of this paper, X is the constant appearing in (1.3), cq the constant appearing in 
inequality (2.1), and L is the Lipschitzian constant of the map T. 
LEMMA 3.1. Let K be a nonempty closed and convex subset of a q-uniformly smooth Banach 
space E. Let T : K -+ K be Lipschitzian pseudocontractive with L 2 0. Let x0 E K be arbitrary 
and for each fixed t, (0 < t < l), define V, : K -+ K by V,(,) := tT(.) + (1 -t) x0. Then Vt has 
a unique fixed point xt in K, that is, xt = tTxt + (1 - t)xo, which could be calculated by the 
process xt = lim,,, II - P(I- WI’YWO), n E N, w. E K, for any fixed p such that 
0 < /.P < ql, where 1 = 1-t 
c,(l + tL)q’ (3.1) 
and I is the identity operator. 
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PROOF. Let w Cct := (1 - cl)1 + PV, = I - ~(1 - I$). We observe that IV,, maps K into K and 
the set of fixed points of IV,,, is the same as that of V,, i.e., F(W,,) = F(Vt). Moreover, by (2.1), 
we get that 
Ipv,,x - W,,yII” = (12 - y - CL [x - Y - (vtx - VtYNI" 
5 ((2 - yll9 - q/4 (z - y - (vtz - vi!/) ,jq(a: - I/)) + C&Q 115 - Y - (vta: - vtY)llQ 
L 115 - yl19 - q/4(1 - t) 115 - Yl19 + CqP9(1 + tL)9 112 - Yl19 
= [l - qp(l - t) + cpcLQ(l + tL)q] llz - YIIQ 7 
and thus, IIW,,,z - W,,y\I < ~l(a: - yll, where 17 = [l - qp(l - t) + c4@(1 + tL)q]‘/Q, and by 
(3.1), r] < 1. Therefore, IV,, is a contraction self-map with contraction constant 77. Hence, by 
the contraction mapping principle, for each t E (0, l), there exists a unique fixed point Q such 
that Zt = limndoo [I - CLU - vt)l”(~O)l wg E K. The proof is complete. 1 
REMARK. We note that Lemma 3.1 gives the iteration scheme for approximating a fixed point xt 
of V,, for each t E (0,l). 
In what follows, we shall make use of the following lemmas due to Chidume [22]. 
LEMMA CH. (See 1221.) Let K be a nonempty subset of a q-uniformly smooth Banach space E. 
Suppose that we have the following. 
(i) T : K --f K is Lipschitzian pseudocontractive with Lipschitzian constant L > 0. 
(ii) cr, E (0, co), pn E (0, l), Ic, = [l + ~,a:(1 + L)*)‘/q, S,, = (1 - (Y,)I + cr,T. 
(iii) {sn}cK is such that, for all positive integers n, 
1 - Pn 
l-p,(l-a,) w7 1 (w E K). (3.2) 
Then, for all n E N, the following results hold. 
(a) lIS,x - %yll i kllx - YII, for ad GY E K. 
(b) xn = /G$,xn -t- (1 - CL,+. 
THEOREM 3.1. Let K be a bounded, closed, and convex subset of a real q-uniformly smooth 
Banach space E which is uniformly convex with C$ # int (K). Suppose that we have the following. 
(i) T : K -+ K is pseudocontractive and Lipschitzian with constant L 2 0. 
(ii) There exists t E int (K) such that I(z - Tzll < 112 - Txll, for all x E BK. 
(iii) X,, cm E (0,l) with lim,,, An = 1, lim,,, CZ,, = 0 such that ({an},{bn}) has prop- 
erty(A), ((1-~~)(l-&)-l) isboundedandlim,,,a;‘(l-CL,) =O, wherep, = A,&‘, 
foralinENandk,:=[l+c,cr~(l+L)] . Q l/q Fix zo E K arbitrarily and for each positive 
integer n, define the sequence {z,} by 
Zn+l = (1 - Pn+l)z + Pn+lYnr 
yn = (1 - an)zn + anTznt n 2 0. 
(3.3) 
Then {z,} converges strongly to a fixed point of T. 
PROOF. Let L E int (K) with Property (ii) above. For each n 2 0, define 
%:= [1+; (*)I-‘; 
then clearly “in E (0, l), and since lim,,, pn = 1 and lim,,, cr;‘(l - pL,) = 0, we get limn_.+oo 
“(n = 1. Thus, by Lemma 3.1, for each n 1 0, there exists a unique X~ E K such that x, = 
(1 - rn)Z + %J%. Then by Theorem MM, x, -+ x* for some Z* E F(T). Moreover, since 
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on E (0, l), we easily obtain that S,, := (1 - a,)1 + a,T maps K into itself for each n E N. 
Consequently, by Lemma Ch for each n >_ 0, we have 2, = (1 - pn).z + p,$,z, and S, is 
Lipschitzian with constant k,. Furthermore, one easily shows that ]]Siz - Sjz]] 5 ]cri - oj 1 diam 
(K), for all i,j E N, and all 2 E K. Set z,+r := (1 - pn+r)t + pn+rSnyln, for each n 2 0. Then 
by Lemma JS, Z, + X* as n + co. This completes the proof. I 
COROLLARY 3.1. Let K be a bounded, closed, and convex subset of L,, (1 < p < oo) with 
4 # int (K). Suppose that we have the following. 
(i) T : K + K is Lipschitzian with constant L 2 0 and pseudocontractive. 
(ii) There exists z E int (K) such that (jz - Tzll < 1)~ - TxJI for all x E aK. For n E N, set 
/Ln := l- 
(n +11)lP ’ 
cx n := (p _ 1Jl~2c1 + Lj (I+ 4-‘/4T if2lpcm 
or 
/.Ln := l- 
(n +i)p14 ) 
Q 
(1 + b)P--l/p 
n := (1 + @-l)l/p(1 + L) (n + I)- 
l/4 
’ if1 <p<2, 
and let {zn} be defined by (3.3). Then, {z,} converges strongly to a Axed point of T. 
PROOF. Since L, is 2-uniformly smooth if 2 < p < 03 and p-uniformly smooth if 1 < p < 2 with 
i 
P- 1, if2<p<oo, 
cq = (1 +bP-1) 
(1 + b)P--l ’ 
if 1 <p<2, 
where b is the unique solution of the equation (p - 2)W1 + (p- l)tPm2 - 1 = 0,O < t < 1 (see [l]). 
Then for each n E N, define 




(1 + F-1) 1 l/P kn := 1+ c1 + bJp_-l Cl+ Ljp4, (n +ll)Pj4 ’ if 1 <p< 2. 
Thus, letting A, = pnk;l and S,, = [(n + 1) 5/s 1, where [t] := max{n E N : n 5 t}, we get 
that A,, cy, E (0,l) such that lim,,, A, = 1, lim,_,M cry, = 0. Moreover, easy calculations 
show that the assumptions of Theorem 3.1 are fulfilled. Therefore, the conclusion follows from 
Theorem 3.1. I 
REMARK 3.1. Theorem 3.1 extends Theorem 3.2 of [22], and hence, Theorem JS in the sense 
that our theorem includes L,, (1 < p < co) spaces. 
REMARK 3.2. We note that Remark 1 of [24] shows that if K is a nonempty convex subset of a real 
q-uniformly smooth Banach space E, 1 < q < co, and T : K -+ K is strictly pseudocontractive 
then for 0 < r < TO = min{l, (q/c,)‘/q-‘A}, 
T,-x := (1 - r)z + rTx, (x E K) (3.4) 
is nonexpansive and F(T,.) = F(T). 
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For the rest of this paper, r is the constant appearing in (3.4). 
LEMMA 3.2. Let K be a nonempty and convex subset of an arbitrary normed linear space E. 
Let T : K -+ K be nonexpansive with F(T) # q5. For u. E K fixed and an initial vector xc E K, 
let {zn} be defined by x,+1 = (1 - 6,)~ + &TX,, with 6, E (0,l) for each n > 0 and lim,,, 
6, = 1. Then {xc,} is bounded. 
PROOF. Let x* E F(T) and x0 E K be arbitrary. We claim that (1~~~1 -E* 11 5 IJu -x* II+ 11~~ - 
z*ll, for all 71 > 1. W e prove this by induction. For n = 1, clearly we have 
11x2 - x*11 = [I(1 - 61) (u-z*) + 61 (T x1-s*)llI(1-~l)Il~-~*ll+~1ll~l-~*ll 
I (1 -a,> IIU - x*11 -t bl[(l - 60) 1121 -x*11 + 60 11~0 - x*111 (3.5) 
I IIU - z*ll + 11~0 - x*11 * 
Suppose the claim is true for any Ic > 1; we show it to be true for n = k + 1. But 
llwc+2 -x*11 = IN1 - h+d(~ - x*) + &+I G%+I - s*)ll 
5 (1 - &+1) I(u - 2* II + &+1 II%+1 - x* II 
I 0 - &+1) lb- x*11 -I- &+1(II~ -x*11 + 11x0 - z*lo 
I lI~--*ll+ll~0--*ll, 
as required. Therefore, {x,} is bounded. 
The following theorem is the special case of Theorem 4.1 of [28], but here we give a different 
proof with the idea developed in this section. 
THEOREM 3.2. Let K be a closed convex subset of a real q-uniformly smooth Banach space E 
and let T : K ---) K be a strictly pseudocontractive map with a fixed point. For x0 E K arbitrary 
and for each positive integer n, define the sequence {x~} by 
x,+1 = (1 - && + &zTrxn, n 2 0, (3.6) 
with 6, = 1 - (n f 2)-t, where 0 < t < 1 and T, is as in (3.4) and u E K fixed. Then {xcn} 
converges strongly to a fixed point of T. 
PROOF. By Remark 3.2, T, is nonexpansive and F(T) = F(T,.). Let gt be a unique fixed point 
of the contraction map Qt(.) := (1 - t)u + tT,(.), f or each t f (0,l). Then by Theorem R, 
it --) x* E F(T,). S ince by Lemma 3.2, {x,} is bounded, the proof of Theorem 3 of [27] implies 
that xn --) x*. I 
COROLLARY 3.2. Let K be a bounded, closed, and convex subset of a real q-uniformly smooth 
Banach space E. Suppose that T : K + K is strictly pseudocontractive. For x0 E K arbitrary, 
Jet {x~} be defined as in (3.6). Then (xc,} converges strongly to a fixed point of T. 
PROOF. By (291, boundedness of K implies that F(T,.) # 4. Therefore, the corollary follows 
from Theorem 3.2. 
REMARK 3.3. Theorem 3.2 extends Theorem Rh from a Hilbert space to more general 
q-uniformly smooth spaces. Moreover, our theorem does not require K to be compact. 
REMARK 3.4. Theorem 3.2 also generalizes Theorem OU in the sense that our convergence is 
strong. Moreover, boundedness on K and also the uniform convexity of the space are not needed. 
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